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Viscous Shock-Layer Solutions for Hypersonic
Sphere Cones

B. N. Srivastava,* M. J. Werle,T and R. T. Davis}
University of Cincinnati, Cincinnati, Ohio

Theoretical predictions of flow properties are obtained for the nose region (2-3 nose radii) of spherically
blunted cones in hypersonic flow at intermediate to high Reynolds numbers. The numerical method used to
obtain solutions to the shock-layer equations is discussed, with attention focused on the development of a new
technique to accommodate surface curvature discontinuities and convection effects in the normal momentum
equation. Solutions are presented for cone half-angles from 30 deg down to 0 deg, where previous shock-layer
methods encountered severe difficulties. Comparisons are made with inviscid flow solutions, independent shock-

layer solutions, and experimental data.

Nomenclature
a*  =noseradius :
¢*  =viscosity law constant, ¢* =198.6°R
C, =skin friction coefficient, 27%/(pL u%, %)
C, =specific heat at constant pressure )
H  =nondimensionaltotal enthalpy, H*/u%?
k = thermal conductivity
M, =freestream Mach number
n =nondimensional normal distance
n,  =shock standoff distance normal to body
p =nondimensional pressure, p*/(oX ul)
q = nondimensional heat transfer, g*/(p% u% )
r =nondimensional axisymmetric radius

Re, =prula*/p*us2/C})

Rey, =pHusa*/ .

=defined as yg + n,cos¢

=nondimensional surface distance

St  =Stanton number, q,/ (H;—H,)
=nondimensional temperature, C; T*/u3,?
= nondimensional tangential velocity, u*/u%
= nondimensional normal velocity, v*/u%

g  =axial distance from stagnation point
=normal distance for body surface measured from axis
= defined as xp — n,sing

=shock angle, see Fig. 1

= angle defined in Fig. 1

=ratio of specific heats

=[p*@s?/C}) /ptuta*l”
=nondimensional surface curvature

= nondimensional viscosity, u*/p*(u% 2 /C})
=nondimensional density, p*/p%
=nondimensional shear stress, 7*/(p% u% %)
=body angle defined in Fig. 1

= Prandtl number, u*C}/k*
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Subscripts

0 = stagnation conditions

s =used for longitudinal derivatives

sh = conditions immediately behind the shock wave
w = conditions at the body surface

Superscripts

* = dimensional quantity

- = normalized with shock value
Jj =0 for plane flow and 1 for axisymmetric

Introduction

URRENT interest in re-entry aerodynamics continues to

draw attention to the problem of theoretically predicting
the effects of hypersonic viscous flow past blunt bodies with
curvature discontinuities. The simplest example of this is the
spherically blunted cone configuration, and interest is focused
here on the problem of predicting the detailed viscous flow
structure over its nose region (2-3 nose radii) for intermediate
to high Reynolds numbers.

The flow regime of interest is one in which the viscous
effects influence a significant portion of the total shock-layer
region between the bow shock and body, thereby violating the
classical boundary-layer approximation and requiring the use
of a more comprehensive set of governing equations. Three
approaches for treating such problems include those em-
ploying the full Navier-Stokes equations, }? the second-order
boundary-layer equations,? or the viscous shock-layer
equations.*® Recent studies®’ indicate that the full viscous
shock-layer equations (as opposed to their thin layer form) are
not only convenient to use but are also sufficient to provide an
accurate estimate of the Ylow properties for the re-entry flow
conditions considered here. To date though, this method has
been applied only to analytic blunt bodies for which the
surface curvature was everywhere continuous and the normal
convection effects in the shock layer were not dominant. The
difficulties associated with the surface curvature discon-
tinuity, such as at the sphere/cone tangency point of a
spherically blunted cone, have prevented successful ap-
plication of shock-layer methods to spherically blunted cones.
Also, for sphere cones at intermediate to high Reynolds

~ numbers, a significant portion of the shock layer is dominated

by convection normai to the surface, especially for siender
cones at hypersonic speeds. Previous studies®® have ex-
perienced difficulties for such cases, prompting improvements
to the solution method as summarized here and presented in
Refs. 9and 10.

This paper presents a solution method which directly ac-
counts for surface curvature discontinuities and normal
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convection effects. The procedure developed in the. present
approach utilizes a time-dependent relaxation technique to
iterate on the bow shock shape®!®-in order to achieve
solutions of the full viscous shock-layer equations for
hypersonic flow past spherically blunted cones. It is shown
through this formulation that the adverse effect of the surface
curvature discontinuity at the juncture point can be eliminated
by carefully including in the solution procedure the necessary
jump conditions associated with the longitudinal derivatives
at the junction point. .

Numerical solutions are generated using this approach up
to about 3 nose radii for spherically blunted cones with half-
angles of 3G deg, 10 deg and also for the difficult case of 0 deg
{sphere cylinder) at high Reynolds numbers. The resulting
surface pressures are found to compare well with independent
inviscid blunt body and method of characteristics solutions
when the curvature jump effects are included in the solution
scheme. Solutions obtained with the jump conditions pur-
posely misrepresented showed large errors over a significant
portion of the body fore and aft of the juncture point. Proper
inclusion of the jump effects is shown to provide theoretical
results in excellent agreement with experimental data even at
the low freestream Reynolds number of 1515 for a 7.5-deg
half-angle spherically blunted cone.

Governing Equations 7

The viscous shock-layer concept has been - presented in
detail by Davis* and therefore is only summarized here. The
compressible Navier-Stokes equations are written in a
boundary-layer-like coordinate system (see Fig. 1) and
nondimensionalized by variables which are of order 1 in the
region near the body surface (boundary layer) for large
Reynolds numbers. The same set of equations are then written
in variables which are of order 1 in the essentially inviscid
region outside the boundary layer. A comparison of the two
sets of equations is then made and one set of equations is
identified which is valid to second order in the inverse square
root of a Reynolds number in both the outer (inviscid) and
inner (viscous) regions. A solution to this set of equations is
thus uniformly valid to second order in the entire shock layer
for large Reynolds numbers. The resulting equations (and
notation) are the same as those presented by Davis* and are
given as:

Continuity
[(r+ncos¢)/pul, + (I +xn) (r+ncos¢)’pvl, =0 (la)
Longitudinal Momentum
p{1 ug/ (1+xn) +v w, +kuv/(1+kn) } +p,/ (1 +xn)

=[e?/ (I +«n)? (r+ncos¢)/ (I +xn)?- (r+ncose)’r], (16)

where
T=piu, —ku/ (I +xnj] v (1¢)
Normal Momentum
olu v,/(,l+:<n)+li_qf—xu2/(1+xn)}+p,,=0 (1d)

where the underscored terms are ignored in the thin shock-
layer approximation.

Energy Equation
pluT,/(I1+xn)+vT, Y —up,/ (1 +kn) —vp,=€*1°/p

+{e2/ (I +«n) (r+ncose )} 1{(I +&n) (r+ncose )/ ql,,
(le)
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Fig. 1 Coordinate system.

where
g=unT,/0 (1
Equation of State
p=(y=1)pT/y (1g)
Viscosity Law
| u=T¥2(I1+c")/(T+c") (1h)
where

c'=c/MLTL(y—1)

and c* is taken to be 198.6°R for air.

The surface conditions employed here are the zero slip and
injection conditions

u(s,0y=v(s,0)=0 and T(s,0)=T, 2)

while the oblique shock relations* are used to relate the flow
variables just aft of the shock to the freestream conditions
through the local shock slope. The shock angie « is related to
the shock thickness ngthrough the geometric relation

dng
ds

/(1+Kns)=tan(a—¢) 3)

where n; is obtained from mass conservation considerations
as . .

(r+nscos¢)1+f=2fs Spu(r+ncos¢)fdn 4
/]

For computational convenience the preceding set of equations
are transformed into a new set of variables by normalizing the
dependent variables by their corresponding values at the
shock. The resulting equations are presented by Davis.*

Juncture Region Analysis

Inviscid Flow Considerations

From an inviscid standpoint, it is known that a streamline
curvature discontinuity produces a discontinuity in the flow
gradients only along that streamline.!! For locally supersonic
flows such discontinuities would propagate along. charac-
teristic lines and its effect would eventually spread throughout
the downstream flowfield through successive reflections from
the bow shock and the body. This physical situation is further
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complicated when the inviscid equations are expressed in a
surface coordinate system. Due to the explicit appearance of
the surface curvature, discontinuities occur in the coefficients
of the conservation laws, and derivatives of the flow variables
with respect to the surface distance undergo a discontinuous
jump all along a line perpendicular to the body surface at the
junction point.'® In addition, longitudinal derivatives of the
shock shape alse encounter discontinuities as can be seen
from the geometrical relation (Fig. 1)

W o Uy S0 s
ds “1s) cos{a —o) ®

which vields a jump condition when evaluated on two sides of
the juncture (k=1 for a sphere and x =0 for the cone)

(&) ™04 (G0)... ®

Thus, solution of the viscous shock-layer equations with
regions of essentially inviscid flow would require con-
sideration of all these jump discontinuities when solved in a
surface coordinate system. This is especially important to
finite-difference methods. which cannot accommodate
discontinuities without adjustments to the difference
operators. '

Viscous Flow Considerations

It is important to determine what, if any, impact the viscous
terms of the shock-layer equations have on the nature of the
flowfield near a juncture point. It is clear that the classical
boundary-layer version of the full Navier-Stokes equations
cannot hold at the juncture point because both the curvature
and inviscid pressure gradients encounter jump discon-
tinuities. Any such discontinuity would be in violation of the
boundary-layer scaling laws wherein Jongitudinal derivatives
are assumed smaller than normal derivatives. It is, therefore,
apparent that a new local solution needs to be developed for
the junction region. Such an analysis has been performed by
Messiter and Hu!? for two-dimensional flows. Their analysis
indicates that, unlike the classical boundary-layer case, in the
present situation an interaction with the external flow must be
taken into account, this occurring through a small pressure
change acting over a suitably small distance along the
boundary layer. The details of the resulting local pressure
distribution cannot be specified in advance, but must be
found by studying changes in the boundary layer coupled with
small perturbations on the local external flow. Their for-
mulation shows that the discontinuity in the pressure gradient
predicted by the inviscid flow theory can be eliminated by
using a triple-deck formulation. Continuous expressions for
the pressure gradient can be obtained which are presumed to
be correct asymptotic representations as the viscosity coef-
ficient approaches zero.

These results imply two important points for the present
study. First, in the sphere/cone juncture region the correct
asymptotic behavior will be recovered provided the viscous set
of gasdynamic equations retain the boundary-layer terms and
allow for displacement interaction with the local inviscid

flow. In this regard the full shock-layer equations seem to be-

sufficient since they contain all the viscous terms of Messiter
and Hu’s triple-deck model'? plus the inertia terms that take
into account the interaction effect with the inviscid flow. The
second important point of interest here is that interaction
effects will be significant in only a vanishingly small region of
the physical flow and will be difficult to detect for high
Reynolds number cases. °

In addition to the points presented earlier, the use of a
surface coordinate system introduces new “aspects of the
viscous flow problem just as in the inviscid analysis presented
earlier. Thus, again the question of accommodating
discontinuous curvature-dependent coefficients in the
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governing Eqgs. (1a-1e) arises. It is shown in Ref. 10 that in the
viscous portions of the shock layer, the flow variables are
continuous, but they still experience a discontinuity in
derivatives with respect to surface distance all along a line
normal to the curvature juncture point, These again will
require special consideration in the solution of the full shock-
layer equations.

Thin Layer Approximations

Many studies in the past have used the thin layer version of
the full shock-layer equations [obtained by dropping the
underscored terms in Eq. (1d)] to predict flow properties
within the shock-layer region for analytic bodies.!*»'* The
conclusions of the foregoing analysis are not necessarily valid
for these equations due to the change in character of the
governing equations from a parabolic-hyperbolic set!%!* to a
parabolic set. It was shown in Ref. 10 using integral for-
mulation that, unlike the full set of equations, normal-shock-
like discontinuity in all the flow properties may occur at the
juncture point for the thin layer equations. Thus, it is con-
cluded that further numerical studies will be needed to
determine if there is a solution to the thin layer equations in
surface coordinates that will carry across a point of curvature
discontinuity.

Numerical Method
General Considerations

Several numerical methods have been presented for solving
the thin shock-layer version of the more general shock-layer
equations. #!%14 These approaches have two limitations. First,
they are based on the assumption that the pressure gradient
normal to the body surface is established entirely by cen-
trifugal effects, and second, that the shock wave lies parallel
to the body surface. In an attempt to remove these
limitations, methods have been developed®®!%!” for ad-
dressing the full shock-layer equations through a relaxation
process wherein the thin shock-layer assumptions are removed
by an iterative process. While, in general, such methods have
been successful, they encounter difficulty whenever the shock-
layer thickness becomes large. This difficulty usually
manifests itself as a divergent behavior in the iteration
scheme. In an attempt to overcome this problem, a new
relaxation scheme (ADI Scheme) was developed® where an
initial solution was relaxed in an artificial timelike manner
toward the sought after steady-state solution. While ap-
plication of this method to analytic body shapes was
demonstrated by Srivastava et al.,® its extension to
nonanalytic shapes with curvature discontinuities requires
some improvements of the technique as presented here and in
Ref. 10.

To demonstrate the present approach, the normalized
version of the viscous shock-layer s-momentum equation is
first rewritten using the oblique shock wave equations to
obtain the form

62 du d’R dR

ou
.31 +Bz +53 +84+85 7 =0 U]

13
where ﬁ ,,62,63,64, and (3, are nonlinear coefficients as given
in Ref. 10.

The present timelike relaxation scheme utilizes a two-step
process somewhat similar to the alternating direction implicit
method.'® In the first step the method yields the flow
variables in the shock-layer region while the second step is
used to update the shock shape itself, as shown in the two-step
time formulation of Eq. (7) given as

First Sweep (from t=1" to t=1* =" + At/2)
3%a* Lou* L[8°R" 3R* dR"
an2+B’an [6s2_ } P

7 ¥

u
+64+B5_BE_ =0 (8a)
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Second Sweep (from t=t*to t=1"*! =1* + At/2)

aZRrH-I aRn+I aRn+1 azd
* — + 3% —
Bt TR A [anz
+8 aﬁ+ﬁ 6d+6 ]*—0 (8b)
laT) Sas 4 -

Note that the *‘steady-state” versions of these equations are
precisely the “full”’ shock-layer equations. The boundary
conditions associated with the first step [Eq. (8a)] are the
familiar no-slip conditions [Eq. (2)] at the surface, and =1
at the shock location. The boundary conditions used for the
second time step are the same as those used in Ref, 9 and are
given as

b at s=0 R=0 (9a)

2 at 5= Spyax Rr’r";;xl =R Ob)

Two difficulties occur at a juncture point, First, the
coefficients of the momentum equation as given in Egs. (1b)
and (8b) as well as the longitudinal derivatives are discon-
tinuous across a juncture point because of a discontinuous
change in the curvature x. Further, as noted in Eq. (6), the
shock derivatives are also discontinuous at the juncture. The
numerical difficulty associated with Eq. (8a) can be overcome
by structuring the finite-differences grid system such that the
juncture point coincides with a grid point, thereby avoiding
any differencing of the flow variables across the discon-
tinuity. However, difficulty still persists with solution of Eq.
{8b) since this equation requires solution of a second-order
equation for a dependent variable R, whose derivatives un-
dergo a discontinuous change at a point within the solution

_regime. This difficulty was overcome in the present for-
mulation by developing finite-difference expressions of the
first and second derivatives of the shock shape R that directly
account for the jump conditions associated with these
derivatives at the juncture point. The technique is demon-
strated in the following by a simple mode! problem which
represents the second step (#+1) of the present numerical
scheme as given in Eq. (8b).

Model Problem Analysis

The governing equation, boundary conditions, and
associated jump conditions for a simple model problem are
given as

d?R R
F+a1 E +a2R+a3 =0 (103)
with
R=0 at s=0, R=R, at s=8,,, (10b)
dR
() ()
ds = Sjump ds +Sjump

dR
— 10d
K ( ds ) +K;  (10d)

d?R _ (dZR)
(ds2 ) ~\ds?

~Sjump +Sjump +Sjump
where
K;=(a;) +Sjump —K;(a;) ~Sjump

K3 = (a3) ~Sjump - (a3) + Sjump

and K| is specified.
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Fig.3 Model problem solution.

For the present analysis the coefficients of Eq. (10a} will
be taken to be constant but different in their respective regions
before and after s,,, so that exact sclutions can be obtained
for comparative purposes. Also note that the second
derivative jump condition is obtained by evaluating the
differential equation on the two sides of the juncture point.

A finite-difference representation is shown in Fig. 2 with a
jump occurring immediately ahead of point 3 and point ““a”
located immediately ahead of the juncture point. In order to
formulate difference representations of the derivatives at
point 3, Taylor’s series representations are employed which
avoid any series expansions across the discontinuity.

Thus, a Taylor’s series expansion is used from point 3 to 4
and from points ‘“a’ to 2. Points “‘a’’ and 3 across the
discontinuity are then related through the jump conditions of-
Eqs. (10c) and (10d) to yield

(%), st s
ds/;  A[I+K,—(a/2)K,]

. AK,
2[1+K,— (A/2)K;]

A 3
ZK;

T AZ[I+K, — (A/2)K,]

+0(A%) (11a)

(Rz'—R_;) + (K] - (A/Z)KZ) (R4_R3)
(A2/2)[1+K;— (A/2)K,]

+0(4) (11b)

which reduce to the familiar central difference operators at
nonjump points (K; =1, K, =K; =0). Use of these operators
to solve numerically the foregoing problem is straightforward
with one example result presented in Fig. 3. Here the model
shock slope, dR/ds, is shown for solutions obtained over s=0
to s=2.5 with the coefficients «; and o, taking the jump
values shown at s=0.9 and K, =1.2. It is seen that solutions
obtained using the jump operators virtually reproduce the
exact solution, while those obtained without the jump con-
ditions suffer significant error over the entire range of in-
tegration.
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Also, note that, while the second derivative operator of Eq.
(11b) is formally first-order accurate, it is verified in Ref. 10
that this local truncation error does not destroy the global
second-order accuracy of the solution obtained.

Application and Overall Method of Solution for FVSL

The numerical technique discussed earlier was applied to
the solution of the full viscous shock-layer (FVSL) equations
for hypersonic flow past spherically blunted cones. The
overall method of solution for this case was as follows. Based
on an initial assumed shock shape, the derivatives of the
shock distance were evaluated using difference schemes that
avoid any differencing across the juncture point, The first
time sweep equations were then solved by starting at the
stagnation point, where the governing equations reduce to
ordinary differential equations. The first equation solved was
the energy equation so that thereafter all quantities such as
viscosity related to temperature could be evaluated. Next, the
s-momentum equation was integrated to determine a u-
velocity profile, and then the continuity equation was solved
to determine first the shock standoff distance from Eq. (4)
and then the v component of the velocity from Eq. {1a).
Finally, Eq. (1d) was integrated to determine the local
pressure level. The coefficients in the governing equations
were then re-evaluated using the new flow variables.
Repetition of the preceding steps at a given station continued
until the solution converged. The method then stepped along
the body surface and iterated at each station to achieve
converged solutions.

Once the preceding method had passed over the down-
stream extent of the mesh, the second time step equation was
invoked. The final sweep equation [Eq. (8b)] was then solved
using the two boundary conditions of Egs. (9). No iteration
of the final sweep equation is required since it is linear.
However, note that the final sweep equation requires the
necessary jump conditions associated with the first derivative
of the shock standoff distance, dR/ds, and also that
associated with the second derivative, d?R/ds?. These jump
conditions were evaluated using the flow properties obtained
in the first sweep calculation. The shock shape obtained from
the final sweep was then used to solve the next star sweep in
time, The procedure continued in time until two alternate
final sweeps converged to a desired degree of accuracy.

The numerical calculations reported in this paper utilized a
convergence criteria of 0.01% accuracy in surface pressure
and surface normal velocity gradient for local iterations and
0.1% accuracy in shock shape for global iterations. A typical
calculation requires nearly 20-30 local iterations and ap-
proximately 15 time cycles to achieve these convergence
criteria. The calculations in general required 10-15 min of
computing time on an IBM 370. '

Results and Discussion

The concepts developed in the preceding sections were used
to obtain numerical solutions of the full viscous shock-layer
equations for spherically blunted cones with cone half-angles
varying from 30 deg to 0 deg at various Reynolds numbers.
Initial interest was centered on verification of the concept
through comparison at very high Reynolds numbers with
inviscid surface pressures obtained with the method of
characteristics. The first case considered was that of a 30 deg-
half-angle spherically blunted cone at M, =10,
Re, =3%10°, and T,/T, =0.05, a case for which the in-
viscid calculations of Inouye et al.!! were available. As
discussed in Ref. 10, these high Reynolds number cases have
very thin viscous layers and care was taken to insure that at
least 10-15 grid points of the finite-difference mesh were in the
boundary-iayer region.

In order to assess the direct impact of the juncture region
analysis on the shock-layer solutions, three levels of ap-
proximation were considered and compared with the inviscid
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Fig.5 Heat transfer to 30-deg sphere cone.

surface pressure distribution in Fig. 4. The first level (iden-
tified by triangles) completely ignored the relevant bow-shock
juncture point jump conditions,.§ These jump conditions are
ignored by setting K; =1 and K, =K, =0 in Egs. (11) while
the flow variable derivative jumps are ignored by arranging
the finite-difference grid so that the juncture point lies be-
tween two grid points (here As=0.1). The resulting pressure
distributions are seen in Fig. 4 to compare poorly with the
inviscid calculations of Inouye et al.!' especially near the
downstream of the juncture point where the effects of cur-
vature discontinuity are important. A 50% error in pressure is
observed at the peak, and the error is seen to be felt from a
half nose radius upstream of the corner to a full nose radius
aft of the corner. The second level of approximation ac-
counted for only the flow derivative jumps by adjusting the
finite-difference grid so that the juncture point coincided with
one of the grid points. This result is shown in Fig. 4
(designated by the squares) where the error is reduced from
that of the first approximation but is nonetheless still
unacceptable. Finally, the third approximation (identified by
circles) incorporates the shock jump conditions in the finite-
difference formulation as well as assures alignment of the grid -
system with the juncture point, This level of approximation is
equivalent to eliminating all of the numerical errors
associated with the juncture discontinuity and should im-
plicitly contain the asymptotic analysis of Messiter and Hu. 2
The computed pressure distribution is seen to compare well
with the inviscid calculations of Inouye et al.,!! indicating
that the adverse numerical effects associated with such a junc-
ture discontinuity have been properly overcome. Moreover, it
is seen that the present results virtually reproduce the inviscid
pressure gradient discontinuity for this high local Reynolds
number case. It is shown in Ref. 10 that, for this con-
figuration, the scale length of the interaction effects predicted
by the analysis of Messiter and Hu!? would be so smali as to
produce a virtual discontinuity to the scale displayed in Fig. 4.

§Note that throughout this discussion the phrase ‘‘jump con-
ditions®’ does not refer to the Rankine Hugoniot conditions but rather
to the shock shape derivative jumps typified by Eq. (6).
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Fig.7 Pressure on sphere cylinder.

The surface heat-transfer distributions for the first and
third approximations studied in the foregoing are shown in
Fig. 5, these representing the least and most accurate ap-
proaches, respectively. Again, it is seen that large differences
occur in the solution when the adverse affect associated with
the curvature discontinuity is ignored. Based on the com-
parison presented in Fig. 4 it is assumed here that the heating
level calculated with the jump effect included is the more
accurate of the two—thus indicating enormous errors in the
calculation made ignoring the jumps.

To test the generality of the preceding conclusion, solutions
were obtained for lower cone half-angles. Such results were
obtained by reducing the cone angle in increments of ap-
proximately 5 deg with the number of mesh points between
the juncture and stagnation point kept fixed, resulting in a
slight increase in the longitudinal step size As as the cone angle
was reduced. Figures 6 and 7 present the resulting surface
pressure distributions for cone angles of 10 deg and 0 deg for
the first (least accurate) and third (most accurate) ap-
proximations identified earlier. It is noted that, in all cases,
the predicted surface pressure distribution compares
favorably with the inviscid calculations of Inouye et al.'!
when the proper jump effects associated with longitudinal
derivatives (for both the flow and shock) are accounted for in
the solution scheme. It is also clear from the figures that,
when such jump effects are ignored in the calculation
unacceptable error levels are encountered. Note that Fig. 7 for
a 0-deg cone angle ( a sphere cylinder) does not contain results
corresponding to the no-jump approximation case. This is
because the errors were so large at the juncture point that a
properly converged numerical solution could not be obtained
for this case—again underscoring the seriousness of the errors
encountered in not properly accounting for the jump con-
ditions. To date most viscous shock-layer methods have
encountered severe numerical difficulties for sphere-cone
half-angles lower than 20 deg due to large shock-layer
thickness associated with such bodies. The present technique
is seen to predict flow properties for cone-angles as low as 0
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Fig.9 Heat transfer to 7.5-deg sphere cone.

deg for which case the shock-layer thickness is found to be
large.

Thus far it has been shown that the present approach yields
good comparisons with the inviscid theory!! at high Reynolds
numbers. Comparisons are now presented with experimental
data for spherically blunted cones at a moderate Reynolds
number where viscous interaction effects become more im-
portant. The case considered is that of flow over a 7.5-deg
half-angle spherically blunted cone at M =13.41, Re, =1515,
T,/Ty=0.0741, and T, =200°R corresponding to the ex-
perimental data of Pappas and Lee.!® Numerical solutions for
this case were obtained by first choosing a normal step size
An, which insured enough points within the viscous layer and
by choosing As, such that a mesh point of the finite-difference
scheme was coincident with the juncture point (see Ref. 10 for
details). These results are presented in Figs. 8 and 9 along with
the experimental results and independent numerical
calculations by Miner and Lewis.® The first case shown
(indicated by triangles) did not include the effect of the shock
jump conditions whereas the second case (indicated by circles)
did. Figures 8 and 9 show that the latter of these two gave
excellent agreement with the experimental data while the first
produced serious errors. Also shown are the results presented
by Miner and Lewis® for the same body but with the surface
curvature artificially smoothed in the juncture region. While
there is a reduction in error as observed in Figs. 8 and 9, this
approach is seen still to misrepresent the experimental results,
especially aft of the juncture point.

The final test case considered was that of a 4-deg half-angle
spherically blunted cone at M, =9.82, Re, =9905,
T,/Ty=0.5, and T,=98.3°R corresponding to the ex-
perimental conditions reported in Ref. 20. Both pressure and
heat-transfer data were reported aft of 7 nose radii on this
body and theoretical calculations were presented based on the
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viscous shock-layer technique of Lubard and Helliwell.”
However, these later solutions were restricted to the cone
portion of the body and an approximate technique based on
an entropy swallowing approach was used to obtain the nose
region solutions (see Ref. 20 for details).

The surface pressure distributions for this case are
presented in Fig. 10. The hypersonic viscous shock-layer
solutions (HVSL) of Ref. 20 were obtaineéd using an inviscid
surface pressure distribution to obtain entropy swallowing
higher-order boundary-layer solutions up to the juncture
point where an abrupt switch was made to the Lubard and
Helliwell?! code for conical geometry. The resulting solutions
are seen to compare well with the experimental data far
downstream on the cone portion of the body. However, this
calculation was not considered reliable in the immediate
juncture region?® since initial data were obtained from en-
tropy swallowing boundary-layer calculations. In order to
resolve this issue, the present method was applied over the
nose region of the body and is shown in Fig. 10 to provide a
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smooth iransition across the juncture region onto the cone
portion of shock-layer solutions. This indicates that the error
associated with the juncture point due to an abrupt change
from the entropy swallowing boundary layer to a shock-layer
approach using the Lubard and Helliwell code?' is restricted
to within about 1-2 nose radii downstream of the juncture
point. This trend is also observed in earlier present
calculations (such as in Fig. 4) where error associated with the
juncture point tend to diminish within about 2-3 nose radii
downstream of the juncture point.

Figure 11 shows the skin friction coefficient and the
Stanton number distribution for the case considered in the
foregoing. Here again, the present results are seen to provide
a smooth transition over the juncture region to the shock-
layer solutions obtained using the Lubard and Helliwell
code.?! The . entropy swallowing boundary-layer
calculations?® are seen to misrepresent the juncture region
severely.

Conclusions

An analysis of the physical flow behavior at the
sphere/cone tangency point indicates that, independent of the
choice of the coordinate system, inviscid theory would predict
a discontinuity in the flow gradients only on the surface of the
body at the sphere/cone juncture point. However, from the
analysis of Messiter and Hu,'? it was found that in the
limiting case of very high Reynolds number this discontinuity
would be smoothed ocut by the sublayer interaction effect
within the inner scale length. In addition, it was found that
the use of a surface coordinate system intreduces discon-
tinuities in the flow gradients relative to surface distances
everywhere across the shock layer at the juncture point.
Analytical jump conditions have been developed at the
sphere/cone juncture point for the discontinuous flow
gradients associated with the choice of a surface coordinate
system. Finite-difference expressions were then developed
that accounted for these embedded gradient discontinuities in
order to eliminate numerical difficulties in the solution of the
full viscous shock-layer equations. Such solutions were ob-
tained by a numerical scheme which utilized a time-dependent
relaxation technique for the bow shock wave shape. Com-
parisons of the present results with inviscid solutions at high
Reynolds numbers and experimental data at intermediate ones
were found to be good. Results were presented that indicated
that without proper accounting of the curvature effects, large
errors in the surface properties will be produced over a
significant ( = 1 nose radii) portion of a sphere/cone surface.
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